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Abstract: We study several aspects of the extended thermodynamics of BTZ black holes
with thermodynamic mass M = αm + γ j` and angular momentum J = αj + γ`m, for
general values of the parameters (α, γ) ranging from regular (α = 1, γ = 0) to exotic
(α = 0, γ = 1). We show that there exist two distinct behaviours for the black holes, one
when α > γ (“mostly regular”), and the other when γ < α (“mostly exotic”). We find
that the Smarr formula holds for all (α, γ). We derive the corresponding thermodynamic
volumes, which we find to be positive provided α and γ satisfy a certain constraint. The
dependence of pressure on volume is unremarkable and strictly decreasing when α > γ, but
a maximum volume emerges for large J  T when γ > α; consequently an exotic black
hole of a given horizon circumference and temperature can exist in two distinct anti de
Sitter backgrounds. We compute the reverse isoperimetric ratio, and study the Gibbs free
energy and criticality conditions for each. Finally we investigate the complexity growth of
these objects and find that they are all proportional to the complexity of the BTZ black
hole. Somewhat surprisingly, purely exotic BTZ black holes have vanishing complexity
growth.
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1 Introduction
Black hole physics and thermodynamics have an interesting relationship reaching back
over more than four decades [1–3], one that remains an active research area of considerable
import in theoretical physics, primarily due to its implications for quantum gravity. It
is particularly relevant in spacetimes with a negative cosmological constant as it provides
connections between otherwise distinct theoretical concepts in the context of the AdS/CFT
correspondence conjecture [4], which relates string theories (and therefore gravitation)
formulated on asymptotically-anti de Sitter (AdS) spacetimes to a conformal field theory
on the spacetime boundary.
The cosmological constant, Λ, has generally been regarded as an inert parameter in
black hole thermodynamics, one that sets a new length scale but does little else in this
context. In recent years, however, the role of Λ has been found to be quite significant, and
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a new sub-discipline called “black hole chemistry” has emerged [5]. In this approach, each
thermodynamic parameter in an asymptotically AdS black hole has a chemical counterpart
in representations of the first law, with Λ associated with pressure. From a cosmological
perspective a negative cosmological constant induces a vacuum pressure, and so the former
association is quite natural. A new PV term is thereby introduced into the first law, where
V is the volume conjugate to P . The presence of a black hole in the spacetime can be
regarded as a displacement of vacuum energy, leading to an interpretation of the black hole
mass M as a gravitational analogue of chemical enthalpy [5, 6].
Subsequent investigation has indicated that black hole thermodynamics has a very
close correspondence with real world systems [6–9] including Van der Waals fluids [10],
reentrant phase transitions [11–13], triple points analogous to the triple point in water [14]
and nuclear matter systems [15]. More recently a holographic interpretation of some of
these phenomena has been studied [16–18], and it has been shown that black holes can be
regarded as holographic heat engines, where renormalization group flow performs the cycles
[19–22]. Very recently a class of hairy black holes was discovered that exhibit superfluid
phase transitions analogous to those of superfluid helium [23]. A thorough review describing
these phenomena and much more has recently appeared [24].
One of the first insights of black hole chemistry is that in order to satisfy the Smarr
relation [25], it is necessary to treat Λ as thermodynamic pressure. In any dimension the
first law and its associated Smarr relation are
d(GDM) = TdS + ΩdJ + V dP (1.1)
(D − 3)GDM = (D − 2)TS + (D − 2)ΩJ − 2V P + (D − 3)ΦQ (1.2)
for a charged singly-rotating black hole, where J is its angular momentum, Ω its angular
velocity, T its temperature and S its entropy, and the D-dimensional Newton constant GD
has been explicitly retained. The thermodynamic pressure P is
P = − Λ
8pi
=
(D − 2)(D − 1)
16pil2
(1.3)
and its conjugate volume is V . Despite factors of (D − 3) and (D − 2) appearing in the
above formulae, it has recently been shown that (1.2) holds in both the D → 3 and D → 2
limits [26]. Although there were no phase transitions in either dimension, the D = 3 case
led to a number of interesting findings.
In particular, the definition of thermodynamic volume was somewhat subtle, with the
volume depending on both horizon size and charge, quite unlike the situation for charged
black holes in higher dimensions [10, 12]. Conversely, retaining a definition of volume
depending only on horizon size necessitates introduction of a new work term associated
with the renormalization scale of the black hole mass, in turn modifying both the Smarr
formula (1.2) and first law (1.1) in D = 3.
Our interest in this paper is in better understanding of the D = 3 case in the presence
of a gravitational Chern-Simons term in the three dimensional action. We consequently
can discuss features of the so-called “exotic” black hole solution. These are black holes
whose metric is of the same form as the D = 3 BTZ black hole but whose parameters of
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mass and charge are interchanged. These solutions were first obtained by considering the
behaviour of topological matter in D = 3 gravity [27]. Such matter does not couple to the
spacetime metric but rather only to the connection. The net effect is that the (negative)
cosmological constant becomes a constant of integration associated with the topological
matter, and the conserved charges of mass and angular momentum become interchanged
with one another. Even stranger was that the entropy of these black holes is proportional
to the area of their inner horizons [27]. This situation can occur in other theories of gravity
in D = 3 [28], and it was recently shown that the entropy of such exotic black holes still
has a statistical interpretation [29].
In this paper we consider the chemistry of these exotic black holes. We are particularly
interested in understanding the generalized first law (1.1) and Smarr formula (1.2) for these
objects, along with their thermodynamic volume and its properties. We find a number of
interesting distinctions between these two cases. The Gibbs free energy is in general always
larger for exotic black holes than for their standard BTZ counterparts. Furthermore, we
find that in certain regions of parameter space an exotic black hole can have two distinct
pressures for the same thermodynamic volume. Since volume is proportional to radius,
this means that an exotic black hole of a given horizon circumference and temperature
can exist in two distinct AdS backgrounds. These black holes have a maximum size at a
given temperature. Finally, we find that the volume of a sufficiently small and sufficiently
exotic black hole violates the Reverse Isoperimetric Inequality [30]; only for α ≥ γ is this
inequality always satisfied. This means that some exotic black holes, though having lower
entropy than their BTZ counterparts, contain more entropy than their thermodynamic
volumes would otherwise naively allow.
Moreover, we study the late time complexity growth for the exotic BTZ black hole
using the framework of the conjectured equality Complexity=Action, where the action is
calculated in the Wheeler de Witt (WdW) patch. Unlike previous work [31], we take into
account the corner terms [32, 33]. We find that the growth rate for the standard BTZ black
hole is as expected, but (somewhat surprisingly) that exotic black holes have no additional
contributions to the growth rate. This provides further evidence that the complexity =
action conjecture depends on which action one takes into account [34, 35].
2 Black hole solution from gravitational Chern-Simons
The Einstein-AdS action in D = 3 is
IEH =
1
8piGN
∫
M3
[
ea ∧Ra − 1
6`2
abcea ∧ eb ∧ ec
]
(2.1)
in the well-known Einstein-Cartan formulation, where
T a = dea + abcωb ∧ ec , Ra = dωa + 1
2
abcωb ∧ ωc (2.2)
are the respective torsion and curvature forms, with dreibein 1-forms ea and Lorentz con-
nection 1-forms ωa (a = 0, 1, 2), and the exterior product of forms is implicit.
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The field equations have the exact solution
ds2 = −N2dt2 +N−2dr2 + r2
(
dφ+Nφdt
)2
(2.3)
with the lapse and the angular shift function equal to
N2 = −8GNm+ r
2
`2
+
16G2Nj
2
r2
, Nφ = −4GN j
r2
. (2.4)
where ` is the AdS3 radius, GN is the (2 + 1)-dimensional Newton constant and m and
j are constants of integration, whose interpretation is contingent upon the theory under
consideration.
The simplest gravity model for which BTZ black holes are exotic is the parity-odd
action for D = 3 Einstein gravity with Λ < 0 [36]. The action is
IGCS =
1
8piGN
∫
M3
[
˜`ωa ∧
(
dωa +
1
3
abcωb ∧ ωc
)
− 1
ˆ`
ea ∧ T a
]
(2.5)
whose parity transform is minus itself (and so its field equations preserve parity). The
quantities ˆ` and ˜` are coupling constants whose values need not be equal. Varying with
respect to ea yields T a = 0, which in turn allows one to solve for ωa. Inserting the result
into the equation obtained by variation with respect to ωa gives the same field equations
as those of the (parity-even) Einstein-AdS action (2.1), with ` replaced by the geometric
mean
√
ˆ``˜ .
An alternative action for obtaining the exotic BTZ black hole is [27]
IBCEω =
`
8piGN
∫
M3
(ea ∧Ra[ω] +Ba ∧DωCa) (2.6)
where each of {ea, ωa, Ba, Ca} are regarded as independent fields, with Dω the covariant
derivative with respect to the connection ωa. Note that there is no coupling of matter to
the metric in (2.6); for this reason the fields {Ba, Ca} are referred to as topological matter.
A variety of solutions exist to the field equations of this theory, one of which is the black
hole metric (2.3) [27].
Like a typical rotating black hole solution in D = 4, the horizon equation for a BTZ
black hole (N = 0) has two solutions that correspond to two Killing horizons, located
respectively at
r± = 2
√
GN`
(
`m±
√
`2m2 − j2
)
(2.7)
that give the condition `m > |j| (necessary to have the two event horizons) and define the
extremal case when `m = |j|. Assuming that j > 0 then the parameters m and j of the
black hole can be expressed as [37]
m =
r2− + r2+
8GN`2
, j =
r−r+
4GN`
(2.8)
However m and j in general are not respectively proportional to the mass and angular
momentum of the black hole. This was first pointed out for the action (2.6), where a
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computation of the Noether charges indicated that M ∝ j and J ∝ m, with M and J the
respective conserved mass and angular momentum [27]. Setting ˜` = ˆ` = ` for simplicity,
more recently it has been noted that [29, 37]
M = αm+ γ
j
`
, (2.9)
J = αj + γ`m . (2.10)
can more generally be considered, with (α, γ) = (1, 0) corresponding to the normal BTZ
black hole, while the case (α, γ) = (0, 1) corresponds to the exotic BTZ black hole. We
shall refer to the class of black holes with general (α, γ) as generalized exotic black holes.
An analysis of the mass formula for the exotic BTZ black hole in the context of weak
cosmic censorship is discussed in [38].
We note here that a possible action that could extrapolate between the standard and
the exotic solutions could be defined as the sum of two actions: the standard Einstein-
Hilbert action (EH) and the Gravitational Chern-Simons action (GCS), as used in [39],
where the parameter in front of the latter could play a role analogous to that of an Immirzi
parameter [40] in (2 + 1) dimensions [41, 42]. In other words the following general action
[39, 43] for the intermediate values of the standard/exotic BTZ black hole would be a linear
combination of IEH and IGCS
I(A) =
α
8piGN
[∫
M
(
ea ∧Ra + Λ
6
abce
a ∧ eb ∧ ec
)
+
1
2
∫
∂M
K
]
+
γ`
8piGN
∫
M
(
ωa ∧ dωa + 1
3
abcω
a ∧ ωb ∧ ωc + Λea ∧ Ta
)
(2.11)
where K refers to the trace of the second fundamental form at the boundary ∂M and was
shown to regularize (2 + 1) dimensional gravity [44]. The contribution to the WdW patch
would therefore be the sum of these contributions (with the proper normalization of the
dimensionless α and γ coefficients).
The sum can be obtained by recalling that a (2 + 1) dimensional space of constant
negative curvature has symmetry SO(2, 2), for which the generators of the Lie group satisfy
[45]
[Ja, Jb] = abcJ
c, [Ja, Pb] = abcP
c, [Pa, Pb] =
1
`2
abcJc (2.12)
with general invariant quadratic forms
〈Ja, Jb〉 = γηab, 〈Ja, Pb〉 = αηab, 〈Pa, Pb〉 = γηab (2.13)
where the constants α and γ are introduced in Eq. (2.11) and should be fixed to zero
respectively if one wants to separately analyze only the Einstein-Hilbert case (EH) or the
gravitational Chern Simon (GCS) case.
The shift (2.9), (2.10) was found in [39, 46] and is given by the fact that the action (2.11)
describes a class of theories with topological mass, where the mass and angular momentum
of the BTZ black hole are linear combinations of the mass and angular momentum that
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can be calculated in pure GR. The variation of the total action (2.11) with respect to the
metric gives the following equations
Rµν − 1
2
gµνR− gµν`+ βCµν = 0 (2.14)
where Cµν is the Cotton tensor obtained varying the gravitational Chern-Simons action
with respect to the metric.
2.1 Thermodynamics
A full treatment of the extended phase space would entail a separate thermodynamic
interpretation of ˜`, ˆ`, and ` as distinct thermodynamic quantities, each with their own
conjugate. The net effect would be to introduce three distinct pressures, each with their own
conjugate volume. This will add unnecessary complications to the basic thermodynamics
of the generalized exotic BTZ black hole, and so for simplicity we shall consider ˜`= ˆ`= `
henceforth.
The Hawking temperature and the angular velocity associated with the event horizon
read
T =
r+
2pi`2
− 8G
2
Nj
2
pir3+
, Ω = 4
GNj
r2+
, (2.15)
and are obtained from (2.3) using the horizon equation N = 0. These expressions for
these intensive thermodynamic variables are geometric and model independent [29], i.e.
independent of the particular field equations that are solved by the BTZ metric. They
only depend on the position of the Killing horizon.
From (2.9) and (2.10) we see that the extensive thermodynamic variables are model-
dependent. Furthermore, the system of equations (2.9), (2.10) is singular when α = γ.
However, in the particular case `m = j (that is the extremal solution) the condition
`M = J also holds for every value of α and γ (including α = γ). Likewise if α = γ then
`M = J , regardless of the distinct values of m and j. Rewriting the condition `m ≥ j in
terms of the new variables (M,J) we obtain two inequalities{
`M ≥ J, α ≥ γ
`M ≤ J, α ≤ γ
(2.16)
and the condition needed to find the horizon is different for each. This general analysis
is valid for the redefinition of the conserved charges in Eqs. (2.9), (2.10) and it is not
necessary to have an extended phase space. In Figure 1 we show the behaviour of the
temperature for the two different situations.
2.2 Extended Phase Space
Based on the hypothesis (1.3), we now add to the intensive variables (2.15) another intensive
quantity
P =
1
8piGN`2
(2.17)
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Figure 1. Left: The two different sectors of the (T,M) parameter space are divided by the vertical
black line, which corresponds to the extremal case `M = J . The area on the left (α < γ) admits the
exotic solution γ = 1, α = 0 (black dashed line) for J = 1.1 whereas the area on the right (α > γ)
admits the standard BTZ solution γ = 0, α = 1 (blue dashed line) for J = 1.1. The black/blue
solid lines at the left are the respective cases (α = 0.2, γ = 0.6) and (α = 0.4, γ = 0.6), whereas
the red and green solid lines respectively correspond to (α = 0.6, γ = 0.4) and (α = 0.8, γ = 0.2).
Right: Contour plot of the temperature as function of J and M for the two sectors: the exotic and
the standard case.
that is only geometric and model independent. The first law of black hole thermodynamics
(1.1) is
dM = TdS + V dP + ΩdJ (2.18)
and we wish to check this law for general values of (α, γ).
Inserting (2.8) in the previous general definitions (2.9), (2.10) of (M,J) that interpolate
between the classical and the exotic BTZ black hole we obtain
M =
α
(
r2− + r2+
)
8GN`2
+
γr−r+
4GN`2
, (2.19)
J =
αr−r+
4GN`
+
γ
(
r2− + r2+
)
8GN`
(2.20)
T =
r2+ − r2−
2pi`2r+
Ω =
r−
r+`
(2.21)
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Since M is a function of (r+, r−, `) then
dM ( r+, r−, `) =
(
∂M
∂r−
)
dr− +
(
∂M
∂r+
)
dr+ +
(
∂M
∂`
)
d` = (2.22)
=
(
αr−
4GN`2
+
γr+
4GN`2
)
dr− +
(
αr+
4GN`2
+
γr−
4GN`2
)
dr+ +
(
−α
(
r2− + r2+
)
4GN`3
− γr−r+
2GN`3
)
d`
=
1
4GN`2
[(αr− + γr+) dr− + (αr+ + γr−) dr+] +
(
−α
(
r2− + r2+
)
4GN`3
− γr−r+
2GN`3
)
d`
Expanding the right-hand-side of (2.18), we have
TdS =
r2+ − r2−
2pi`2r+
[(
∂S
∂r−
)
dr− +
(
∂S
∂r+
)
dr+
]
(2.23)
ΩdJ =
Ω
4GN`
[
(γr− + αr+) dr− + (αr− + γr+) dr+ − γr
2− + 2αr−r+ + γr2+
2`
d`
]
(2.24)
V dP = V
(
− 1
4piGN`3
)
d` (2.25)
where Ω = r−/ (`r+) and we suppose that the entropy has no dependence from the cosmo-
logical constant S(r+, r−).
Equating the terms for dr+, dr− and d` in (2.18), yields
∂S
∂r+
=
piα
2GN
∂S
∂r−
=
piγ
2GN
(2.26)
and so
S =
1
2GN
(piαr+ + piγr−) (2.27)
V = αpir2+ + γpir
2
−
(
3r+
2r−
− r−
2r+
)
(2.28)
for the entropy and volume respectively. For the standard BTZ black hole (γ = 0, α = 1)
we obtain V = pir2+ (which happens to be the geometric volume of the black hole), while
in the exotic case (γ = 1, α = 0) we get a mixed term that depends on both the inner
and outer radii. The larger class of generalized exotic BTZ black holes therefore furnish
another example of thermodynamic volume that is different from the standard geometric
volume. Note that in the extremal case (r+ = r− = rext) the volume is V = pir2ext(α+ γ).
It coincides with the geometric volume for (α+ γ) = 1, which includes both the standard
(α = 1, γ = 0) and exotic (α = 0, γ = 1) cases.
Using the above relations it is straightforward to verify that the Smarr relation in
D = 3 dimensions
0 = TS − 2PV + ΩJ (2.29)
also holds. We pause to comment that it is possible to obtain a general relationship between
these quantities that
xM = TS + yΩJ + zPV (2.30)
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where {x, y, z} are constants that obey
x− z = 2 2y − z = 4 (2.31)
for all (α, γ). More general relations of the type in equation (2.30) are sometimes referred
to as Smarr relations [47, 48], but they do not respect the correct Euler scaling relations
unless x = 0, forcing y = 1 and z = −2, yielding (2.29).
At this point, we can make two interesting considerations:
• We required the validity of the laws (2.18) and (2.29) of standard black hole thermo-
dynamics to also hold in the case of the exotic black hole. This requirement gave us
the correct entropy for the exotic BTZ black hole [27, 29, 39]:
IE =
pir−
2GN
; (2.32)
• The thermodynamic volume depends on both variables (α, γ); in the exotic case it
becomes
V = pir2−
(
3r+
2r−
− r−
2r+
)
. (2.33)
The volume is positive when the following condition is satisfied
r2+ (2αr+ + 3γr−) > γr
3
− (2.34)
that in the case α = 0 becomes r+ > r−/
√
3. It is always satisfied for the standard
BTZ black hole, for which γ = 0.
So far our analysis holds for general values of (α, γ). For the remainder of this paper we
shall assume normalization of the parameters such that α+ γ = 1.
3 Pressure-Volume Behaviour
It is possible to solve (2.20) and (2.28) for both r+ and r− in terms of (P, V, J). Inserting
the results into (2.21) we can solve for P in terms of (T, V, J) and obtain an equation of
state for the generalized exotic black hole.
We can preliminarily explore the expected PV diagram characteristics of these systems
by considering the small and large J limits of the pure exotic and normal black hole
equations of state. Ignoring constants for the time being, setting (α = 1, γ = 0) the
equation of state takes the simple dependence
P ∼ J
2
V 2
+
T√
V
, (3.1)
which strictly decreases for increasing V . Particular values of J and T have no effect on
the general qualitative shape of the corresponding PV diagram.
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In the pure exotic limit (α = 0, γ = 1), we find a much more complicated expression
that exhibits a maximum volume when J  T . Although the full expression is not trivial
to solve, we can expand V as a series in T to third order, which gives
V ∼
√
2.51GNJ√
P
+
0.351T
√
J
(GNP )3/4
− 0.0491T
2
G2NP
2
(3.2)
which reaches a maximum when
P ∼ 0.138T
4/3
G
5/3
N J
2/3
(3.3)
In this case, it becomes possible for the system to admit two pressures for the same
thermodynamic volume. For small J , one can verify the volume behaves as V ∼ P−2.
Also, it can be shown that the angular momentum J has a lower bound, which generalizes
to arbitrary γ as
J ≥ 1
32
√
pi
2
√
T 4γ2
G5NP
3
. (3.4)
The full equation of state for general α and γ is analytically cumbersome. Rather
than give the explicit expressions, we shall compute the PV diagrams parametrically.
Specifically, we focus on the trends in the implicit plots as the black holes go from being
“normal” (α = 1) to exotic (α = 0), as well as for increasing angular momentum J and
temperature T .
J = 0.1
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α = 0.95
0 2 4 6 8 10 12
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8
10
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P
Figure 2. PV diagram for α = 0.95, γ = 0.05, J = 0.1, 1 (left) and J = 2, 3 (right), and T = 0.001
(red), T = 0.5 (green), T = 2 (blue).
To construct the plots we solve the system of equations (2.20) and (2.21) for both r+
and r−, inserting the results in the definition of the thermodynamic volume (2.33) in order
to obtain the PV plot. There are two different solutions depending on whether α > γ or
α < γ. The cuts in the following plots are given by the above lower bound on J .
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Figure 3. PV diagram for α = 0.75, γ = 0.25, J = 0.1, 1, 2, 3, and T = 0.001 (red), T = 0.5
(green), T = 2 (blue). In the first panel it is possible to see where the solution that satisfies Eq.
(2.16) ceases to exist.
Figure 2 illustrates the characteristics of a 95% regular black hole (α = 0.95, γ = 0.05)
for increasing J . Each curve is isothermal, with the temperature increasing from left to
right. There is no apparent critical behaviour, nor any change in the general shape of
the curves, with only their concavity decreasing as J grows. Figure 3 depicts this relation
for the same parameters for a 75% regular (α = 0.75) black hole. There is no significant
deviation between the three cases.
J = 0.2
J = 0.1α = 0.30
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P
Figure 4. PV diagram for α = 0.30, γ = 0.70, J = 0.1, 0.2, 1, 2, and T = 0.001 (red), T = 0.5
(green), T = 2 (blue).
Interesting behaviour begins to emerge for smaller α. In Figure 4, for which α = 0.30,
we see that in the limit of small V , the isothermal curves become double-valued. This
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actually happens for the higher-α black holes as well, though it is at a much smaller volume
scale as compared to the more exotic black holes. In fact, as J increases the overlap region
of the isothermal curves becomes increasingly large (see Figure 5). This suggests that the
angular momentum of the black holes plays a much more significant role in the chemistry
of exotic black holes, as compared to the normal ones.
In the case where α = 0, i.e. a purely exotic BTZ black hole, the phase plots show
similar behaviour as above, only more pronounced (see Figure 5). For sufficiently large T
and small J , the associated pressure is a smoothly increasing function of V . As temperature
decreases, a critical value is reached at which the curve becomes double-valued – for small
enough V two states can exist with different pressures. For large enough J and small
enough T this double-valuedness is persistent. As V → 0 the pressure remains finite.
J = 0.2
J = 0.1α = 0
0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0
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V
P
J = 1
J = 2α = 0
0 5 10 15 20 25
0.0
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P
Figure 5. PV diagram for α = 0, γ = 1 (pure exotic BTZ black hole). The other parameters are
J = 0.1, 1, 2, 3, and T = 0.001 (red), T = 0.5 (green), T = 2 (blue). In the case of exotic BTZ there
is a value of the pressure for which the volume is equal to zero.
4 Reverse Isoperimetric Ratio
One quantity of interest for black holes is the reverse isoperimetric inequality [30], which
is the conjecture that
R =
((D − 1)V
ωD−2
) 1
D−1
(ωD−2
A
) 1
D−2 ≥ 1 (4.1)
for any asymptotically AdS black hole, with A identified with the horizon area, V with the
associated thermodynamic volume, and ωD−2 = 2pi
D−1
2 /Γ
(
D−1
2
)
. For Schwarzschild-AdS
black holes the bound is saturated, which means that for a fixed thermodynamic volume
the entropy of the black hole is maximized for Schwarzschild-AdS spacetime.
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For generalized exotic BTZ black holes we obtain
R = 1
2
√
4αr3+ − 2γr3− + 6γr−r2+
r3+
(4.2)
which is saturated for the BTZ case (α = 1, γ = 0) but is otherwise violated for all other
values of (α, γ). We illustrate this in Figure 6.
Figure 6. Reverse isoperimetric ratio plotted as a function of x = r−/r+ for various values of
(α, γ): (1, 0) (black), (.95, .05) (red), (.75, .25) (blue), (.67, .33) (brown), (0.5, 0.5) (green) (.15, .85)
(yellow), (0, 1) (magenta).
5 Gibbs Free Energy and Critical Behaviour
The Gibbs free energy of the black holes can be readily calculated, and the corresponding
plots for different degrees of exoticness are displayed in Figures 7 and 8. The plots are
obtained solving (2.20) with respect to r− and substituting it in the temperature (2.21)
and in the Gibbs free energy
G = M − TS = 3αr+r
2− − αr3+ + 2γr3−
8GN`2r+
. (5.1)
There is a stark distinction between the cases where α > 0.5 (majority standard) and α <
0.5 (majority exotic). For α < γ, there is an upper bound for r+ such that rE ≤ r+ ≤ r+M
where
rE = 2
√
GNJ` r+M = 2
√
2
√
γGNJ`
γ − α (5.2)
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are respectively obtained by solving (2.20) with respect to r− and T = 0 with respect to
r+ (so that rE is the same both in the standard and exotic cases) and using the relation
(α+ β) = 1.
As shown in Figure 7, the concavity of the two cases is opposite. Moreover, the free
energy of the purely exotic black hole terminates in r+M to zero for increasing temperature,
while that of the standard black hole can be negative and is unbounded from below.
The intermediate cases where 0 < α, γ < 1 reveal even more interesting features for the
majority exotic case. As Figure 8 indicates, the energy curve reaches a minimum, but can
assume two different values for the same temperature. This behaviour is most pronounced
for the transitional case at α→ 0.5 with γ = 1− α, and abates as α→ 0. For α < γ, the
final points in Figures 7 and 8 are
T (r+M ) =
√
2
√
γGNJ` (γ − α)
piγ2`2
(5.3)
G(r+M ) = −
αJ
γ`
(5.4)
Local thermodynamic stability is given by positivity of the specific heat, defined as
J=2.0
J=1.0
J=0.5
J=0.1α=0, γ=1α=1, γ=0
0 2 4 6 8
-2
0
2
4
6
8
10
T
G
Figure 7. Gibbs free energy for a standard (α = 1; γ = 0, dashed curve) and a purely exotic black
hole (α = 0; γ = 1, solid curve), for angular momentum values J = 2.0 (green), 1.0 (black), 0.5
(red), and J = 0.1 (blue) and P = 1.
CP = T
(
∂S
∂T
)
P,J
. (5.5)
Since the temperature has two different behaviours in the two different situations α > γ or
γ > α, we analyze the two cases separately.
– 14 –
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Figure 8. Gibbs free energy at the transition between majority standard (α > 0.5; γ < 0.5) and
majority exotic (α < 0.5; γ > 0.5) black holes.
For α > γ and (α = 1, γ = 0) the specific heat is always positive (dashed lines in
Figure 9). The pure exotic case (α = 0, γ = 1) always has negative specific heat therefore
is locally unstable (see right panel in Figure 9). However, for intermediate values of α and γ
(with α < γ) there are two branches (left panel in Figure 9), and the one with lower Gibbs
free energy has positive specific heat while the other one has negative specific heat. The
black holes with positive specific heat can be in stable equilibrium at a fixed temperature.
5.1 Free Energy with fixed-Ω
In the previous sections, we studied the canonical ensemble with fixed angular momentum
but free horizon angular velocity. Now, we consider the grand-canonical ensemble with the
fixed angular velocity of the horizon and free angular momentum.
GΩ = M − TS − ΩJ = GΩ(T, P,Ω) (5.6)
Using Eqs (2.21), we can write r− = `r+Ω and substitute it in the temperature that reads
T =
r+(1− `2Ω2)
8`2GN
(5.7)
and therefore, the temperature is positive if 0 < Ω < 1/` while Ω = 1/` gives the extremal
case T = 0 (the same is true if we express the temperature as function of r−). The Gibbs
free energy (5.6) as function of T and P is
GΩ = −
piT 2
(√
2piγΩ + 4piα
√
GNP
)
8G
3/2
N
√
P (8piGNP − Ω2)
(5.8)
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J=0.1, P=1α=0.49α=0.4α=0.2α=0.0001
J=0.1, P=1α=0.51α=0.6α=0.8α=0.9999
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Figure 9. Specific heat: Left panel: different α’s and respective γ = 1 − α. Right panel: Pure
exotic and standard case for several values of J.
and it is positive iff Ω > 1/`, that, as we said before, it is not allowed. Consequently, GΩ
will always be negative for r+ > 0. See the right panel in Figure 10 for different values of
α and Ω.
In particular, in the exotic limit, the free energy reads
GΩ(α = 0, γ = 1) = − pi
3/2T 2Ω
4
√
2G
3/2
N
√
P (8piGNP − Ω2)
(5.9)
and in the standard case
GΩ(α = 1, γ = 0) = − pi
2T 2
√
GNP
2G
3/2
N
√
P (8piGNP − Ω2)
. (5.10)
The left panel in Figure 10 shows the function GΩ in the exotic and the standard case for
different values of Ω.
6 Complexity Growth Rate
Given the interplay between mass and angular momentum that the exotic BTZ black holes
show, we wish to check if the bound on complexity growth introduced in [49] is valid or
violated. In the AdS/CFT correspondence, the complexity C of a particular state |ψ〉 can
be related to a spacetime region in the bulk. In particular, the complexity=action proposal
or the CA-duality states that
C(|ψ(tL, tR)〉) = A
pi~
(6.1)
where tL and tR are, respectively, the time on the left and the right boundary and A is the
bulk action evaluated on the Wheeler-DeWitt (WdW) patch (see Figure 11). From this
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Figure 10. Gibbs free energy for the grand-canonical ensemble: Left panel: Pure exotic (contin-
uous lines) and standard case (dashed lines) for several values of Ω. Right panel: different α’s and
respective γ = 1− α.
duality, it follows that at late-time the complexity approaches the black hole mass in the
following way
lim
tL→∞
dC
dtL
=
2M
pi~
(6.2)
This seems to agree with the Lloyd bound, which limits from above the complexity by the
energy
C˙ ≤ 2E
pi~
. (6.3)
The connection between the Schwarzschild-AdS WdW patch with the space-time volume
and complexity has been pointed out in [50]. It has notably been showed that the ther-
modynamic volume and the pressure seems to emerge naturally from the late-time rate of
growth (see Appendix B for more discussions about the connection between thermodynamic
volume and complexity).
In the standard thermodynamic phase-space, it has been shown [49] that in the case
of conserved angular momentum for a BTZ black hole, the complexification bound is
dC
dt
≤ 2
pi~
[(M − ΩJ)− (M − ΩJ)gs] (6.4)
as computed from the Einstein-Hilbert action with Gibbons-Hawking term and corner
terms (see also Appendix A for more details). The subscript “gs” refers to the “ground
state”, i.e. the state of lowest (M − ΩJ) for a given angular momenta. The ground state
is there in order to obtain a zero complexification rate for the extremal black hole (that
has zero temperature). Therefore the ground state could either be an extremal black hole
or empty AdS.
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For the BTZ black hole
M − ΩJ = r
2
+ − r2−
8G`2
=
√
M2 − J
2
`2
(6.5)
which saturates the complexification bound (6.4) [49]. The rate of growth of the action for
the rotating BTZ black hole is
dA
dt
=
r2+ − r2−
4GN`2
= 2
√
M2 − J
2
`2
(6.6)
that shows that the rotating BTZ black hole saturates the bound (6.4). The ground state
for a standard rotating BTZ does not contribute because has M = 0 = J at fixed Ω.
In the exotic case the previous bound cannot be automatically valid since for α < γ
follows `M < J . We shall compute it from the action (2.5) and compare it to the corre-
sponding result for the BTZ case, computed using (2.1). Some of the useful calculations
needed to calculate complexity growth for rotating BTZ black holes can be found in Ap-
pendix A. In particular, using Eq. (A.22) in Eq. (6.4) it is possible to see that, in the
standard BTZ case, dC/dt ∝ TS [51]. In the BTZ case one also has dC/dt ∝ P (V+ − V−)
where V− = pir2− and V+ = pir2+ are the BTZ thermodynamic volumes of the inner horizon
and the outer horizon respectively [50].
6.1 Complexity of the Exotic BTZ Black Hole
The parity-odd action for D = 3 Einstein gravity with Λ < 0 is given by (2.5) [36]
IGCS =
`
8piG
∫
M3
[
ωa ∧
(
dωa +
1
3
abcωb ∧ ωc
)
− 1
`2
ea ∧ T a
]
(6.7)
Note that contrary to what happens in the case of the EH action, we don’t need a boundary
term to add to this action in order to have a well defined entropy and variational principle
(see, e.g., [39]); we discuss other possible boundary terms in Appendix B.
The solution to the equations of motion from the action (6.7) is given by the space-time
triad [27]
e0 =
√
ν2(r)− 1
(r+
`
dt− r−dφ
)
e1 =
`
ν(r)
d
[√
ν2(r)− 1
]
=
`
ν(r)
[
ν(r)ν ′(r)√
ν2(r)− 1
]
dr (6.8)
e2 = −2ν(r)
(r+
`2
dt− r−
`
dφ
)
with ν2(r) := r2 − r2−/r2+ − r2− and the prime is the derivative with respect to r. The
compatible spin connection has the following components:
ω0 = −2
√
ν2(r)− 1
(r+
`
dφ− r−
`2
dt
)
ω1 = 0 (6.9)
ω2 = −2ν(r)
(r+
`2
dt− r−
`
dφ
)
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and the torsion T a = 0.
It is straightforward to see that the action (6.7) vanishes for the solution (6.8) (with
(6.9)) since T a = 0 and ω1 = 0. The latter implies that abcωa ∧ωb ∧ωc = 0. Furthermore,
dω0 ∝ dr ∧ ω0 and dω2 ∝ dr ∧ ω2, so the first term in (6.7) also vanishes. Therefore there
is no contribution from the action (6.7) evaluated in the WdW patch V (see left panel in
Figure 11 and Eq.(A.3)) and we are left only with the boundary and the joint contributions
from (2.11); we evaluate these in Appendix A.
Now we consider possible boundary terms for the exotic case. Boundary terms for
Chern-Simons theory have been previously discussed in literature (see for example [52–
55]. In this particular case of a rotating exotic BTZ black hole, as in the non-exotic case,
there is no boundary term in the WDW patch that needs to be evaluated on a space-like
surface (see the left panel in Figure 11). Therefore we will be interested here only about
the boundary terms that should be evaluated on the null-like surfaces.
We know that the variation of the total action (IEH + IGCS) with respect to the
metric is well-defined if only the GHY boundary term is included [39], up to a counterterm
ambiguity [37, 43, 56] that we discuss in Appendix B. Using this formulation then one can
say that there are no other corner terms to consider, as we know that the corner terms
originate from the boundary term in the action [33, 57]. Using (2.11) we therefore reach
the intriguing conclusion that the late-time bound is
dC
dt
≤ α
pi~
r2+ − r2−
4GN`2
(6.10)
for the generalized BTZ black hole. Note that for the pure exotic case α = 0 the late-time
bound vanishes.
We have found, therefore, the first example of a 3-dimensional black hole solution for
which the late-time complexity rate growth vanishes. Previous examples have been found
only in 2 and 4 dimensions [34, 35]. In those cases, the inclusion of an additional surface
term to the action changes the ensemble and consequently the final result for the complexity
growth. In general, the calculation of holographic complexity shows how boundary terms
that could be at internal boundaries become physically meaningful, and the complexity
= action conjecture depends on which action one takes into account. In the case of the
exotic black hole, the use of complexity=action seems to suggest the need for introducing
an additional proper boundary term (see also the discussion in Appendix B) that remains
to be explored.
7 Conclusions
We have studied the chemistry of generalized exotic BTZ black holes whose thermody-
namics are governed by the parameters α and γ, which serve to swap the roles of mass
and angular momentum. The Smarr fomula has been shown to be upheld in all cases. We
find that these generalized exotic black holes have a number of interesting features, despite
the fact that (as with their γ = 0 BTZ counterparts) they exhibit no interesting phase
transition behaviour.
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For values of α > γ, which we term “majority standard” black holes, we show there
is no particularly interesting behaviour in the thermodynamic quantities, nor the PV di-
agrams. However “mostly exotic” black holes, i.e those for which γ > α, a variety of
interesting behaviour is uncovered. In contrast to the mostly regular BTZ black holes, we
have found that there exists a maximum volume for sufficiently large values of J  T . This
phenomenon has not been previously seen, and it means that for given values of (α, γ,Λ)
there is a black hole of maximal size. Note that this is not necessarily the same as maximal
entropy, since the entropy of these black holes is not proportional to their circumference.
We also found that the Gibbs free energy is always greater for exotic black holes than for
their BTZ counterparts.
Likewise, we find that reverse isoperimetric inequality [30] is satisfied for any majority
standard black hole. However all sufficiently small majority exotic black holes violate this
inequality. The more exotic and smaller the hole, the greater the violation. This suggests
a connection between this inequality and the parity properties of the gravitational action,
whose meaning remains to be understood. An interesting avenue to explore along these
lines is the recently proposed conjecture [58] between the reverse isoperimetric inequality
and the negativity of the specific heat at constant volume. Exotic black holes, whose specific
heat at constant pressure is always negative (as shown in figure 9) and that always violate
the reverse isoperimetric inequality, will provide an interesting test of this conjecture.
Finally a computation of complexity growth for exotic BTZ black holes indicates that
in general it is smaller by a factor of α as compared to the standard BTZ black hole, as
indicated by (6.10). This parameter encodes the effect of having the gravitational Chern-
Simons term in the action. Most curiously, the bound on the growth rate vanishes for
the purely exotic case γ = 1 and α = 0. This is because no additional boundary terms
are required if γ 6= 0, and so the computation is the same as the BTZ case. Alternate
possibilities are discussed in Appendix B.
Our considerations suggest that a theory of quantum gravity including exotic black
holes should exhibit novel properties compared to the usual approaches [27] to the subject.
Any such theory will have to account for their distinct thermodynamic behaviour.
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A BTZ black hole complexity growth
A.1 General definition of the WdW patch
The WdW patch is a region with boundaries (see for example the shaded area in the left
panel in Figure 11). In particular, the WdW patch is defined as the spacetime region of a
maximally extended black hole enclosed between four light rays originating from the two
chosen equal-times tL and tR on each boundary. Consequently, to evaluate the action in the
WdW patch one needs to include both the standard volume integration and the boundary
terms
I =
1
16piG
∫
M
√−g(R− 2Λ) + 1
8piG
∫
∂M
√
|h|K. (A.1)
where additional corner terms [32] are essential for calculating the rate of change of the
action when we shift from the WdW patch at coordinate time tL to the patch at the
time tL + δtL on the boundary [33]. These “joint contributions” are junction terms where
two different boundary surfaces intersect (e.g. see Figure 12). Including all these latter
contributions, the total action to consider in the calculation is:
I =
1
16piG
∫
M
(R− 2Λ)√−g d4x+ 2
∫
∂M
K
√
|h|dΣ + 2
∑
Bi
sign(Bi)
∮
aBidS
 (A.2)
where dΣ is a volume element in (D − 1) and dS is a surface element in (D − 2) on the
junctions Bi (see Figure 11) [32]. For example, in the case of the WdW patch for an
uncharged, non-rotating black hole, the difference between the actions evaluated in two
different WdW patches, V1 and V2, is given by (see left panel in Figure 11)
δI = IV1 − IV2 −
1
8piG
∫
∂M
KdΣ +
1
8piG
[∮
B′
adS −
∮
B
adS
]
(A.3)
where the only boundary term is evaluated on the surface S close to the singular space-
like surface [33]. However, in the case of a rotating black hole, there are no space-like
boundaries but only null boundaries (see Figure 11 right panel) [33].
In general, the null boundaries can be parametrized in such a way that they do not
contribute to the action [33].
In the case of a rotating BTZ black hole (as for the charged case) there is no contribu-
tion from the boundary term on ∂M (see right panel Figure 11) that is indeed behind the
inner horizon. So we can remove this term from the variation (A.3) and we are left only
with:
δI = IV1 − IV2 + δIB,B′ + δIC,C′ (A.4)
where we used the notation:
δIB,B′ =
1
8piG
[∮
B′
adS −
∮
B
adS
]
. (A.5)
The analysis presented in [33] provides a meaningful comparison of the action between
different WdW patches. An extended discussion about possible divergent contributions to
the action is presented in [59].
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Figure 11. Left: WdW patches for a BTZ black hole in the J = 0 case. Note that the time on the
right boundary is fixed while the time on the left boundary varies. Right: Difference between two
WdW patches in the case J 6= 0.
A.2 Rotating BTZ in Einstein-Cartan formalism
Let us recap the procedure presented for the rotating BTZ black hole. The standard
(parity-even) Einstein AdS action in D = 3 is (now we write also the explicit wedge
products among forms)
SE =
1
8piG
∫
M3
[
ea ∧Ra − 1
6`2
abcea ∧ eb ∧ ec
]
(A.6)
where instead of working with the metric gµν , we are working with the auxiliary frame
fields, or vielbein, eaµ with a = 0, 1, 2 and defined by the relation with the metric
gµν(x) = e
a
µ(x)e
b
ν(x)ηab (A.7)
with ηab the metric of the flat 3D Minkowski spacetime. The vielbein define a basis in the
space of the differential forms. In the “dual notation” (valid only in D = 3) that we used
in SE , we have
Ra =
1
2
abcR
bc ↔ Rab = −abcRc (A.8)
therefore, Eq. (A.6) can be written:
SE =
1
16piG
∫
M3
abc
(
ea ∧Rbc − 1
3`2
ea ∧ eb ∧ ec
)
. (A.9)
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Since, by definition, one has ea = eaρdx
ρ and
Rbc =
1
2
Rbcµν(x)dx
µ ∧ dxν = 1
2
(
ebβe
c
γR
βγ
µν
)
dxµ ∧ dxν (A.10)
then, Eq. (A.9) corresponds to
SE =
1
16piG
∫
M3
abc
[
1
2
(
eaρe
b
βe
c
γR
βγ
µν
)
− 1
3`2
eaρe
b
µe
c
ν
]
dxρ ∧ dxµ ∧ dxν . (A.11)
Using the Levi-Civita in frame components
µνρ = e
−1abceaµe
b
νe
c
ρ (A.12)
with e = deteaµ =
√−g, one gets
SE =
1
16piG
∫
M3
e
(
1
2
ρβγR
βγ
µν −
1
3`2
ρµν
)
dxρ ∧ dxµ ∧ dxν (A.13)
=
1
16piG
∫
M3
d3x
√−g
(
1
2
ρβγ
ρµνRβγµν −
1
3`2
ρµν
ρµν
)
(A.14)
where in the last line we have used dxρ ∧ dxµ ∧ dxν = ρµνd3x. Finally, using the following
equalities
1
2
ρβγ
ρµνRβγµν =
1
2
(
δµβδ
ν
γ − δνβδνγ
)
Rβγµν =
1
2
(
Rµνµν −Rνµµν
)
= R (A.15)
ρµν
ρµν = −3! (A.16)
we get
IE =
1
16piG
∫
M3
d3x
√−g (R− 2Λ) (A.17)
with negative cosmological constant Λ
Λ = −(D − 2)(D − 1)
2`2
= −1/`2 (A.18)
From this action, we can then proceed in the standard way and get the following contribu-
tions to the variation of the action in the WdW patch.
A.3 Volume contributions to the WdW patch
In the presence of a negative cosmological constant, the solution to the equations of motion
for the action (2.1) indicates that the Ricci scalar is a constant, R = 6Λ. Hence the volume
contribution to the evolution of the WdW patch is given by
δIV = IV1 − IV2 = −
4
16piG`2
∫ √−g d3x (A.19)
Writing this integral explicitly for the WdW patchs for the rotating black hole in Figure 11
(right panel) and considering late times, we obtain
δIV = − 1
4piG`2
∫ r+
r−
r dr
∫ 2pi
0
dθ δt
= − [(m− Ω+j)− (m− Ω−j)] δt
= −r
2
+ − r2−
4G`2
δt (A.20)
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←−
k
k¯ −→
−2a
Figure 12. Composition of null/null joints
with
m =
r2+ + r
2−
8G`2
, j =
r+r−
4G`
, Ω+ =
4Gj
r2+
, Ω− =
4Gj
r2−
(A.21)
and where we could write the last term as δIV = −TSδt, since
T =
r2+ − r2−
2pi`2r+
, S =
pir+
2G
(A.22)
While the right-hand side of (A.20) is proportional to the result (6.6), we still need to add
the joint (or corner) terms to get the final result. We also note that the rotating BTZ black
hole is a special case for which (m− Ω+j) = −(m− Ω−j) [31, 49].
A.4 Joint contributions
Now we study the joint terms. It is useful to write
gµν =
 r2(Nφ)2 −N2 0 r2Nφ0 N−2 0
r2Nφ 0 r2
 gµν =
 −N
−2 0 Nφ/N2
0 N2 0
Nφ/N2 0 1
r2
− (Nφ)2
N2
 (A.23)
which follow from the rotating BTZ black hole metric (2.3). We want to evaluate the joint
terms ±2 ∮B adS at the intersection between two null-segments, B and B′ that are in this
case one dimensional surfaces. The area element in B and B′ is dS = rdΩ1 = r dφ and
a = ln
(
−1
2
k · k¯
)
(A.24)
where ka and k¯a are the normals to the null surfaces respectively to v = v0 and u = u1
that meet in B (or to v = v0 + δt in B′, see Figure 11). We can choose the two normals as
the affinely parametrized vectors defined by the gradient of the implicit equations of the
surfaces [33]:
ka = −c ∂α (v − v0) = −c ∂α (t− r∗) (A.25)
ka = c ∂α (u− u1) = c ∂α (t+ r∗) (A.26)
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where c and c are normalization constants, v0 and u1 are constants and v := t − r∗,
u := t + r∗. Recalling that r∗ =
∫
g11dr =
∫
1
N2
dr we can write the non zero components
of the normals:
k0 = −c, k1 = cN−2 k0 = c, k1 = cN−2
so, using this result and the inverse metric, the scalar product in Eq. (A.24) is
k · k = g00k0k0 + g11k1k1 = 2
N2
(cc)
so a = ln
(−cc/N2). We can now evaluate the contribution of the joint terms
(16piG) δIB,B′ = 2
[∮
B′
a dS −
∮
B
a dS
]
= 2
∫ 2pi
0
dφ
[
ln
(
− cc
N2
)
r
]∣∣∣∣r=rB
r=rB′
(A.27)
Since t = 12 (u+ v) and r
∗ = 12 (u− v), for B and B′ we have
B ≡ (v = v0, u = u1)
B′ ≡ (v = v0 + δt, u = u1) ⇒
r∗B =
1
2 (u1 − v0)
r∗B′ =
1
2 (u1 − v0 − δt)
(A.28)
and so for small δt
rB′ = r (r∗B′) = r
(
r∗B −
1
2
δt
)
∼= r (r∗B)−
1
2
dr
dr∗
∣∣∣∣
r∗=r∗B
δt = r (r∗B)−
1
2
N2
∣∣
r∗=r∗B
δt (A.29)
Defining h(r) := r ln
(−ccN−2) we have [33]
4pi [h (rB′)− h (rB)] = 4pi1
2
[
r
dN2
dr
+N2 ln
(
− cc
N2
)]
δt (A.30)
where for late times, rB → r+ and so N → 0. In this limit, the logarithmic contribution
vanishes and the final expression is
δIB,B′ =
2pi
16piG
[
r
(
2r
`2
− 32G
2j2
r3
)]∣∣∣∣
r+
δt =
1
8G
(
2r2+
`2
− 2r
2−
`2
)
δt (A.31)
for a rotating BTZ black hole. The same calculation can be done for the junctions C and
C′ (see Figure 11), yielding
δIC,C′ = − 2pi
16piG
[
r
(
2r
`2
− 32G
2j2
r3
)]∣∣∣∣
r−
δt = − 1
8G
(
2r2−
`2
− 2r
2
+
`2
)
δt (A.32)
where we used (A.21). Hence
δIB,B′ + δIC,C′ =
r2+ − r2−
2G`2
δt (A.33)
All together, we find
δIV + δIB,B′ + δIC,C′ =
(
r2+ − r2−
)
4G`2
δt (A.34)
– 25 –
which can also be written as
δIV + δIB,B′ + δIC,C′ = 2 [(m− Ω+j)− (m− Ω−j)] δt
= 2 [(M − Ω+J)− (M − Ω−J)] δt (A.35)
using (2.9) and (2.10) with γ = 0. This is commensurate with (6.6), previously obtained [31,
49] via a different method. There is likewise a similar result for a non-rotating BTZ black
hole and different regularization procedure [60], and a generalization of this to topological
geons has likewise been recently obtained [61].
B Alternate Possibilities
The preceding calculation assumed that the boundary term in the action (2.11) was a
functional of the boundary metric and unit normal only. Using the tetrad formalism, it
is in fact possible to see that the variation of the various terms in the action (2.11) with
respect to ea and ωa give the following boundary terms:
δωIEH =
∫
d (ea ∧ δωa) (B.1)
δeIGCS =
∫
d (ea ∧ δea) (B.2)
δωIGCS =
∫
d (ωa ∧ δωa) (B.3)
and while Eq. (B.1) gives the well-known GHY term and the second (B.2) can be canceled
using the boundary condition for ea, a boundary term that could cancel (B.3) could play
a role in the calculation of the complexity growth. However no such boundary term exists.
Furthermore, a Fefferman-Graham coordinate expansion indicates that it depends only on
variations of the leading part of the asymptotic metric [46], and so vanishes in spacetimes
having asymptotically AdS boundary conditions. Note also that since the quantity
√|h|K−
2
√|h|/` is a topological invariant of the background metric in (2+1) dimensions [37, 43, 56],
there is some ambiguity in choosing the boundary term in (2.11); this does not affect the
computations in the previous appendix.
Another hint that something interesting can happen in this case is if one wants to
analyze the connection between the thermodynamic volume and the complexity growth
given in [50]. It has been proposed indeed that the complexification rate could be propor-
tional to the product PV (this is called “Complexity=Volume” 2.0). This is because, the
complexity growth should be be proportional to the number of degrees of freedom that are
in the boundary CFT given by the central charge multiplied for the number of lattice sites
n (roughly the volume divided by the lattice spacing) multiplied by the number of circuit
steps nc.
In D spacetime dimensions (setting GN = 1), the central charge scales as c ∼ `D−2 ∼
P−(D−2)/2, and the number of sites n ∼ V/D−1, where the lattice spacing  ∼ ` ∼
√
1
P .
The number of circuit steps nc ∼ ∆t/, so
C ∝ 1
P (D−2)/2
× V P (D−1)/2 ×∆t
√
P = PV∆t (B.4)
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up to some normalization1. In the standard bulk BTZ case the Brown-Henneaux formula
c =
3`
2GN
∝
√
1
P
(B.5)
suggests that one can write [50]
C = PV (tL + tR) (B.6)
for D = 3. However, if we add the GCS term to the action, it has been shown that the
boundary CFT has different values of the central charge [29, 39]
cL =
3
2
(α− γ)`
GN
, cR =
3
2
(α+ γ)`
GN
. (B.7)
Now, in order to obtain the well known result for the BTZ black hole, we need to define
the quantity c+ = (cL + cR)/2. This quantity has been derived in [39] using the conformal
anomaly to determine the covariantly conserved stress-energy tensor in the presence of the
gravitational Chern-Simons term in the action. Using c+, we obtain the correct result both
in the standard case (γ = 0), when cL = cR and the quantity c+ is equal to (B.5) giving
the result (B.6), and for the more general exotic case, our final result Eq. (6.10).
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